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Lecture 5

Now A is asubset of the pseudo-metric space (8(X),
d) and we let M denote

the closure of A in O(X) with respect to d
.

We will show thatM is a

T-algebra and Mt is finitely additive on al Chance atbly additive).

Claim (6)
.

The function AMP(A) is continuous
,

in fact
, 1-Lipschitz :

P( -> 10 ,8] IM* (A) - M
& (B) ) = & (A

,
B).

Proof
.

Just note that MEA) = MFIAA0) = &IA
, Q) ,

so

IM*(A) - MF(B)1 = 1d(A
,
@ = &IB

,
011 = &IA

, B) by the triangle inequality.

Claim (c) . The function A As is continuous
,

in fact
,

an isometing :

O(x) -> P(x) d (A?
,

BY = d(A
,

B).
Proof

.
Just note Cut AAB = AAB.

This imples Not all is closed under complacements : if Mell
,

Man = (An) = A s .

t.

An-pA ,
so by continuity of complement, An->A ,

heave All beare And A.

Claim (d) .

The function (A
, B) It AVB is continuous

,
in fact

, 1-Lipschitz with
espect↓

P(x)xP(X) -> P(x) the sum metric ded on P(X)xP(X).
Thus

,
same is true for (A

,
B) #AlB because it's a composition of V and complements.

Proof
. &IA , UBi

,
AnVB2)=F/A ,WBi)A(AzUBa)) = M

& ((H , A Az)V(B,
A Ba)) = d(Ai

,
Az) + d(B

,Br)
.

mon
.

subadd
.

This implies bat ll is closed under finite unions : if A
,
BEM

,

let An- >A and But B

for some (Au)
,
(Bu) = A

,
then AnVBu-AVB and AndBuEA

,
so AUBEM .

True
,
all is an algebra

Claim (e)
. Mt is finitely additive on the algebra M.



Proof . Let A
,
BE be disjoint sets

,
in order to show It MACALIB) =M

*(A) +M
*(B).

let An-A and Bu-> B
,

where (An)
,
(Bu)E of .

Then by Clim (a)
, M

F(An) -> MPCA)
and MlBc -> MF (B)

,
and by Claim (d)

,
AnUBa-ALB

,
so again by Kal,

MP/AnVBa) +M
* /A4 B) .

But MOlAnVBul = MIAnUBul = M(An) + MLBal - MCAndBu)
An Br = MlAn) + M(Ba) for a fixed 350 and large enough a

AulBr bense AndBu-AlB =0
,

hence M
& (Andia) ->M

& (D) = 0.

Thus
, M

*/A4B) MB/AnVBa) s M
* (A) + M

&(B) =>M
& (A)+ (b)

for all large enough n

,
Lease MPALIB)35M* (A) + M

&(B)
,

but < is arbitrary.

Claim (f) .
all contains otbl unious of sets in A.

Proof
.

let (An)IA and we show that A := V Anell
. By disjointification ,

we way assure let the

An are pairwise disjoint. It is enoughGo don t HAi- > A house LAiA .
But d) Ai ,

A) =

u*Ai)-MA) -> O bee the seriesMAconverges :

r(x) M(HAi)= (Ai) for all wEIN
, lenceMix

This implies let M is closed under otl unious : let (Mal be pairwise disjoint
sets in all and we show let LMmE ll

.
Let An EA be such At dIAn

,
Ma) <

3/24t. Then &IUAn , VMuE MYAAUMuEYAAMuIdAMS
ANEN add

Butb KinsAl so Me is arbitrarily clos b te loea

Thus
,

we havemown letol is a talgebra and Mt is finitely additive (has
atbly additivel on ell

, finishing the
proof
.

Carathcodory's extension (uniqueness) .

It he be a premeasure on an algebra of on a at X

Then UsME for every extension 2 of M to a measure ontr.



If M is definite
,

then in fact
,

v = ME.

Proof
.

For the inequality DIMA,

it is enough to show let for each Best
and

any atbl cover (AnlEA of B
,

we have -(B) = ZM(An) .

But this
is by ctb) subadditivity of 0 :

-(1) monAn) /An= M(An)

For the equality - = MM
,
it is enough to prove for the case M(X)&, because the refinite

case, : . e . X = 11Xn where X
. EAundM(x) < ,

reduces no the finite case

by the fact" that v = z01x
nE /N

Thus
, suppose M(X) < &

.

Then of is dense in citio beneA : M = 5.
But we already know let for all A

,
B =AYO

,

10(A - -(B)) = v(A(B) + p(B(A) = v(AAB) = Ma(AAB) = d(A
,

B),
so the function AltUA) is A-Lipschitz ,

heare continuous.

<Air+ [0
,
&)

Now we have two continuous functions o and no on also which are equal
On the dense set A

,
honce they must be equal on the whole <A30.

Counter-example to uniquenes for non-refinite premeasures.

Attempt 1 . LetA be the algebra of finite and refinite subsets of IR and definem on A by
(A) : = 20 if is fileainite

This is indeed a premeasure
on

.

The outer measure * on PIX) is the

15(B) = 20 if i isa
&

a otherwise

But <Aza is the collection of atbl and co-obl sets
,

so no coincides with
the Labesque measure on CASE .

Hense this is not a counter-example.



Attempt 2: Let of be the collection of half-open intervals [a , 6)
,

where as
are extended reals from 2-8

, 07 .

Then note thatA is an algebra and define:

↓ (A) : = [G ifA
for all ACA

.
Then for all SER

,
MOS) =4S

> Ato is the Borel --algebra of I and the following are two other extensions

of M to <A7s :

↓,:= counting measure on R
,

i . e . N,
(B) : = GIBI ifBisina

My (B) : = 20 itBirth Manch ,Mae pairwise distinct externs as

Thus
, having the Lobergue and Bernoullip) premeasures on the algebras that generate

all Bonel sets in 1R9 and I
,

we get measures defined on the Bonel O-algeb-
as of these spaces.

Def
.

For a metric/topological space X
,

we let BNX) devote the o-algebra of Borel

subsets of X
. A Borel measure on X is any measure defined on B(X).

In particular, the Lobesque and Bernoullip) measures are Bonel measures.


